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Abstract
We show that for any finite abelian group G there is a permutation (g1, . . . , g|G|) of the elements
of G such that the number of distinct sums of the form g1 + · · · + g j (1 ≤ j ≤ |G|) is O(
√|G|),
and another permutation for which the number of these sums is Ω(|G|). These bounds are sharp.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction: background and summary of results
How many distinct residue classes modulo a given prime p are represented among the
numbers 1!, 2!, . . . , (p − 1)!? This is [3, Problem F11]. We prefer to re-state the question
additively, fixing a primitive root g modulo p and passing to indices with respect to g;
one asks then how many distinct elements of the cyclic group Cp−1 there are among the
members of the (p − 1)-term sequence
ind 1, ind 1 + ind 2, . . . , ind 1 + ind 2 + · · · + ind(p − 1).
This is a sequence of the form
a1, a1 + a2, . . . , a1 + a2 + · · · + ap−1 (1)
where (a1, . . . , ap−1) is a permutation of Cp−1. To deal with constructions of this kind,
for a finite subset A of an abelian group denote byΠA the set of all |A|! permutations of A,
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and with each permutation π = (a1, . . . , a|A|) ∈ ΠA associate the set
S(π) := {a1 + · · · + a j : 1 ≤ j ≤ |A|}
of all group elements, representable as a “partial sum” of π . Now for a finite abelian group
G put
σ+(G) := max{|S(π)|: π ∈ ΠG}
and
σ−(G) := min{|S(π)|: π ∈ ΠG},
the largest and the smallest possible numbers of partial sums for a permutation π ∈ ΠG .
Example 1. The permutation set Π{0} of the trivial group {0} consists of one single
permutation π = (0); hence σ−({0}) = σ+({0}) = |S(π)| = 1. If g is the non-zero
element of the cyclic group C2, then ΠC2 = {π1, π2}, where π1 = (0, g) and π2 = (g, 0);
as S(π1) = {0, g} and S(π2) = {g} we have σ−(C2) = 1 and σ+(C2) = 2. If now g is a
non-zero element of the cyclic group C3, then the permutations of C3 are
π1 = (0, g, 2g), π2 = (2g, 0, g), π3 = (g, 2g, 0),
π4 = (0, 2g, g), π5 = (g, 0, 2g), π6 = (2g, g, 0);
since |S(πi )| = 2 for any i ∈ [1, 6], we have σ−(C3) = σ+(C3) = 2.
Going back to the general case, we notice that |S(π)| ≤ |G| for all π ∈ ΠG whence
σ+(G) ≤ |G|. On the other hand, if π = (g1, . . . , g|G|) ∈ ΠG then any element of G, other
than g1 and 0, is representable as a difference of two distinct elements of S(π). It follows
that |S(π)|(|S(π)| − 1) ≥ |G| − 2 which yields |S(π)| ≥ √|G|, provided that |G| ≥ 3.
Along with Example 1 this shows that σ−(G) ≥ √|G| holds unless |G| = 2. This last
observation originates from [1] (where it is presented for the special case G = Cp−1); the
resulting √p lower bound is all we know about the number of classes modulo p that the
sequence 1!, 2!, . . . , (p − 1)! hits.
To summarize, we have√|G| ≤ σ−(G) ≤ σ+(G) ≤ |G| (2)
for all finite abelian groups G with |G| = 2, and the main goal of this paper is to prove
that on the other hand, σ−(G)  √|G| and σ+(G)  |G| hold.
Theorem 1. For any finite abelian group G we have σ+(G) > |G|/2.
Theorem 2. For any finite abelian group G we have σ−(G) < 8√2|G|.
The proofs of these two theorems, as well as that of Theorem 3 below, are presented in
the next section; the proof of Theorem 1 is fairly straightforward and included mainly for
the sake of completeness, while the proof of Theorem 2 is more involved.
Notice that the conclusion one can draw concerning the sequence n! (mod p) is of a
negative sort: by Theorem 2, in order to improve the √p bound one has to exploit the
special properties of this particular sequence.
How sharp is the bound of Theorem 1? Suppose that G is a finite abelian group such that
the sum of all elements of G is zero, and consider a permutation π = (a1, . . . , a|G|) ∈ ΠG .
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Let i ∈ [1, |G|] be so chosen that ai = 0. If i = 1 then a1 = a1 + · · · + a|G|, and if i ≥ 2
then a1 + · · · + ai−1 = a1 + · · · + ai . In both cases we have |S(π)| ≤ |G| − 1 and we
derive that the last inequality in (2) can be strengthened to
σ+(G) ≤
{|G| − 1 if the sum of all elements of G is zero,
|G| if the sum of all elements of G is distinct from zero. (3)
It is quite possible that, in fact, equality is attained in (3). We were able to prove this for
the elementary abelian groups and cyclic groups, as follows.
Example 2. Let p be a prime and let r ≥ 1 be an integer with pr > 2. Identifying
the elementary abelian group Crp with the additive group of the finite field GF(pr ), fix a
primitive element θ ∈ GF(pr ) and consider the permutation π := (0, 1, θ, θ2, . . . , θm−2) ∈
ΠCrp , where m = pr . As the sums 1+θ+· · ·+θ i = (θ i+1−1)/(θ−1) for i = 0, . . . , m−2
are pairwise distinct, we have |S(π)| = m − 1 and therefore σ+(Crp) = m − 1 in view
of (3).
Example 3. Consider the cyclic group Cm of order m ≥ 2. Identifying this group with the
quotient group Z/mZ, define the permutation π ∈ ΠCm by
π := (0,−1, 2,−3, . . . , m − 2,−(m − 1))
if m is even, and
π := (0,−1, 2,−3, . . . , (−1)k−1(k − 1), (−1)kk,
(−1)k(k − 1), . . . , 3,−2, 1, (−1)k−1k)
if m = 2k + 1 is odd. A routine verification shows that then |S(π)| = m in the former case
and |S(π)| = m − 1 in the latter case.
Theorems 1 and 2 do not address the following natural question: how large is |S(π)|
for a “typical” permutation π ∈ ΠG? It is easily seen that if a1, . . . , a|G| ∈ G are
chosen randomly and independently, then the expected number of the group elements
missing among a1, . . . , a|G| is (e−1 + o(1))|G|. (See [2, Theorem 2] for a somewhat
more general result.) One can speculate that this is also true for the number of group
elements missing in (1); accordingly, if π ∈ ΠG is a randomly selected permutation, then
E|S(π)| = (1 − e−1 + o(1))|G| as |G| → ∞. We believe that this heuristic yields the
correct asymptotic value of E|S(π)|; this agrees with the numerical evidence suggesting
(as indicated in [3]) that the answer to the question at the beginning of this section is
(1 − e−1 + o(1))p. What we were able to prove in this direction is the following theorem.
(See also the comments following its proof at the end of the next section.)
Theorem 3. If G is a finite abelian group and π ∈ ΠG is chosen randomly (so that every
particular permutation is chosen with probability 1/|G|!), then
E|S(π)| > e−1|G|.
A remark concerning non-abelian groups. Clearly, the definitions of σ+(G) and σ−(G)
can be carried over to the case where G is not abelian without any modifications. Moreover,
(2), (3), and Theorems 1 and 3 remain valid in this case, as a careful examination of the
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proofs shows. However, the proof of Theorem 2 (which is the central result of our paper)
depends heavily on the assumption that G is abelian.
2. Proofs
Proof of Theorem 1. We set n = 
|G|/2 + 1 and show that there exist pairwise distinct
a1, . . . , an ∈ G with the property that all sums si := a1 + · · · + ai (i ∈ [1, n]) are
pairwise distinct, too. If the sequence (a1, . . . , an) is then completed in an arbitrary way to
a permutation π ∈ ΠG , then evidently |S(π)| ≥ n, implying the result.
We construct a1, . . . , an one by one, starting with a1 = 0. Suppose that a1, . . . , a j with
some j ∈ [1, n − 1] have been found. There are j values of a ∈ G satisfying
a1 + · · · + a j + a = si (4)
for some i ∈ [1, j ], zero being one of them. Consequently, there are |G| − j ≥ j non-zero
values of a for which none of (4) hold true. At least one of these values is distinct from all
a1, . . . , a j and we set a j+1 equal to this value. 
We now turn to the estimates of σ−(G). The following proposition is used to prove
Theorem 2 and can also serve to illustrate our basic technique. In its proof and throughout
the rest of the paper, we denote by B[U, V ] the complete bipartite graph with partite sets
U and V . The set of edges of a graph Γ will be denoted by E(Γ ).
Proposition 1. Let G be the elementary abelian 2-group of rank r ≥ 1. Then
σ−(G) ≤ 2r/2 + 2
r/2 − 1.
Proof. The case r = 1 is easy to verify, see Example 1. Assuming that r ≥ 2, fix
two subgroups K , L ≤ G such that |K | = 2r/2, |L| = 2
r/2, and G := K ⊕ L,
and write Γ := B[K , L]. With each edge (k, l) ∈ E(Γ ) we associate the sum
k + l, so that all the elements of G are associated in a unique way with the edges
of Γ . Since all vertices of Γ have even degree, Γ possesses an Eulerian circuit C.
Let π := (a1, . . . , a|G|) ∈ ΠG be the permutation of G in which every ai is the
element associated with the i th edge of C, assuming the first edge to be incident to
zero (either in K or in L). It is easily seen then that for any i ∈ [1, |G|], the sum
a1 + · · · + ai equals the element of K ∪ L incident to both the i th and (i + 1)th edges.
Therefore
σ−(G) ≤ |S(π)| = |K ∪ L| = |K | + |L| − 1,
as requested. 
To extend the approach used in the proof of Proposition 1 to groups other than Cr2 we
introduce the notion of a Sidon graph. We say that the graph Γ is a Sidon graph over
the abelian group G if the vertex set of Γ is a subset of G, and for any pair of edges
(u, v), (u′, v′) ∈ E(Γ ) (more precisely, for any quadruple of vertices (u, v, u′, v′) such
that u is adjacent with v and u′ is adjacent with v′) we have v − u = v′ − u′ if and only if
u = u′ and v = v′.
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Remark. If Γ is a Sidon graph over G then for any edge (v, v′) ∈ E(Γ ) the order of v′ −v
in G is at least three. In particular, the graph constructed in the proof of Proposition 1 is
not Sidon.
Given a graph Γ on a subset of an abelian group we let
D(Γ ) := {v − u: (u, v) ∈ E(Γ )}.
Clearly, Γ is Sidon if and only if |D(Γ )| = 2|E(Γ )|.
Lemma 1. Suppose that Γ = (V , E) is a Sidon graph. Then there is a permutation
π ∈ ΠD(Γ ) such that |S(π)| ≤ |V |.
Proof. Consider the digraph Γ obtained from Γ by replacing every one of its edges by the
two corresponding directed edges. The out-degree of every vertex v ∈ V in Γ equals
its in-degree; hence Γ possesses an Eulerian circuit C = (v0, v1, . . . , vs−1, vs = v0)
where s = 2|E | = |D(Γ )|. Observing that the differences vi − vi−1 (1 ≤ i ≤ s) list
all elements of D(Γ ) so that every a ∈ D(Γ ) is listed exactly once, let ai := vi − vi−1.
As a1 + · · · + ai = vi − v0 (i = 1, . . . , s), the permutation π := (a1, . . . , as) ∈ ΠD(Γ )
satisfies S(π) = V − v0; hence |S(π)| ≤ |V |, as was wanted. 
Proposition 2. Let K and L be subgroups of a finite abelian group G such that G = K⊕L.
Then σ−(G) < 2(|K | + |L|).
Proof. Let G0 := {g ∈ G: 2g = 0} be the subgroup of all those elements of G of order one
or two and write K0 := K ∩ G0 and L0 := L ∩ G0; thus G0 = K0 ⊕ L0. Evidently, we can
find subsets K1 ⊆ K and L1 ⊆ L such that K = K1 ∪ K0 ∪ (−K1), L = L1 ∪ L0 ∪ (−L1),
and the two unions are disjoint. Consider the (incomplete bipartite) graph Γ on the vertex
set K ∪ L1 ∪ L0 in which every vertex of K is adjacent with every vertex of L1 and, in
addition, every vertex of K1 is adjacent with every vertex of L0. It is easily verified that
D(Γ ) = G \ G0 whence
|D(Γ )| = |K ||L| − |K0||L0| = 2|K ||L1| + 2|K1||L0| = 2|E(Γ )|
and therefore Γ is a Sidon graph over G. The group G0 is an elementary abelian
2-group; denote its rank by r . By Lemma 1 there exists π1 ∈ ΠG\G0 with |S(π1)| ≤
|K | + |L1| + |L0|, and by Proposition 1 there exists π2 ∈ ΠG0 with
|S(π2)| ≤ 2r/2 + 2
r/2 − 1 < |K0| + |L0|.
(If r = 0 then Proposition 1 does not apply, but in this case the existence of π2 with the
required property is clear.) Concatenating π1 and π2 we obtain π ∈ ΠG such that
|S(π)| < (|K | + |L1| + |L0|) + (|K0| + |L0|) ≤ 2(|K | + |L|). 
Remark. The proof of Proposition 2 can be easily modified to show that if K is an
arbitrary subgroup of G, then σ−(G) < 2(|K | + |G|/|K |).
Corollary 1. Let G be a finite abelian group. If G is a direct sum of two subgroups of the
same order, then σ−(G) < 4
√|G|.
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Lemma 2. Let G be a non-trivial finite abelian group. Then there exist subgroups
K , L, M ≤ G such that K is cyclic, G = K ⊕ L ⊕ M, and
|K | ≥ |M||L| ≥ 1. (5)
Moreover, either G is a direct sum of two subgroups of the same order, or (5) can be
replaced with
|K | ≥ 2 |M||L| ≥ 2. (6)
Proof. Suppose that G = H1 ⊕ · · · ⊕ Hr , where r is the rank of G and H1, . . . , Hr ≤ G
are non-zero cyclic subgroups of orders m1, . . . , mr , respectively, such that mi | mi+1 for
i = 1, . . . , r − 1. We assume that r ≥ 3 for otherwise the assertion is immediate. Let
f := mr mr−2mr−4 . . .
mr−1mr−3mr−5 . . .
and notice that f is an integer and, moreover, f ≥ 2 unless r is even and mr =
mr−1, . . . , m2 = m1. Thus, from mr = f · (mr−1mr−3 . . .)/(mr−2mr−4 . . .) it follows that
one can choose K = Hr , L = Hr−2 ⊕ Hr−4 ⊕ · · ·, and M = Hr−1 ⊕ Hr−3 ⊕ · · ·. 
We are now ready to prove our main result.
Proof of Theorem 2. If G is a direct sum of two subgroups of the same order, the assertion
follows from Corollary 1. Assuming that this is not the case, we find K , L, M ≤ G as in
Lemma 2. If |K | = 2 then |M| = |L| by (6) and applying Proposition 2 we get
σ−(G) < 2(|K ||L| + |M|) = 2(|K | + 1)|L| = 3√2|G|;
accordingly, for the rest of the proof we assume that |K | ≥ 3.
Set
s :=
⌊√
|K ||L|
2|M|
⌋
and t :=
⌈ |K |
2s
⌉
− 1
so that s ≥ 1 (as follows from (6)), s ≤ 
√|K |/2 < |K |/2, and therefore t ≥ 1.
Let n := 
(|K | − 1)/2 (so that n ≥ st), fix an element k generating K , and if |K | is
even denote by g the unique element of K of order two. Define
U := {0, k, . . . , (t − 1)k} + L, V := {tk, 2tk, . . . , stk} + M,
W := {(st + 1)k, (st + 2)k, . . . , nk} + L
and consider the graphs Γ1 := B[U, V ] and Γ2 := B[W, M]. (If n = st then Γ2 is empty.)
It is easily verified that
D(Γ1) = {−stk, . . . ,−2k,−k, k, 2k, . . . , stk} + L + M
and
D(Γ2) = {−nk,−(n − 1)k, . . . ,−(st + 1)k, (st + 1)k, . . . , (n − 1)k, nk} + L + M
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whence |D(Γi )| = 2|E(Γi )| (i = 1, 2) and therefore both Γ1 and Γ2 are Sidon graphs.
Moreover, D(Γ1) and D(Γ2) are disjoint, and the complement of their union in G is the
set L + M if |K | is odd and (L + M) ∪ (g + L + M) if |K | is even.
By Lemma 1, we can find π1 ∈ ΠD(Γ1) and π2 ∈ ΠD(Γ2) such that
|S(π1)| ≤ t|L| + s|M|, |S(π2)| ≤ (n − st)|L| + |M|.
By Proposition 2, we can find π3 ∈ ΠL+M such that |S(π3)| < 2(|L| + |M|). If
|K | is even then adding g to all elements of π3 we obtain π4 ∈ Πg+M+L such that
S(π4) ⊆ S(π3) ∪ (g + S(π3)) and, consequently, |S(π4)| ≤ 2|S(π3)| < 4(|L| + |M|).
Concatenating π1, π2, π3, and for |K | even π4, we obtain π ∈ ΠG satisfying
|S(π)| < t|L| + s|M| + (n − st)|L| + |M| + 6(|L| + |M|). (7)
Now taking into account that
t|L| ≤ |K ||L|
2s
<
|K ||L|√|K ||L|/(2|M|) =
√
2|G|,
s|M| ≤ √|G|/2,
st ≥ |K |
2
− s ≥ n + 1
2
− s,
and
|G| = |K ||L||M| ≥ 2|M|2,
we obtain from (7)
|S(π)| < √2|G| +√|G|/2 + (s − 1)|L| + |M| + 6(|L| + |M|)
≤ 3
2
√
2|G| + (s + 12)|M|
≤ 2√2|G| + 12√|G|/2
= 8√2|G|.
This completes the proof. 
Proof of Theorem 3. Write m := |G| and let π = (a1, . . . , am) ∈ ΠG be a random
permutation. For 1 ≤ i ≤ j ≤ m denote by Aij the event that ai + · · · + a j = 0,
and for 1 ≤ j ≤ m let X j be the indicator random variable of the event that the sum
a1 + · · · + a j is distinct from all sums a1 + · · · + ai with i = 1, . . . , j − 1. Clearly, we
have |S(π)| = X1 + · · · + Xm , and for X j = 1 to hold it is necessary and sufficient that
none of the Aij with i ∈ [2, j ] occur; thus
E|S(π)| =
m∑
j=1
Pr(X j = 1)
and
Pr(X j = 1) ≥ 1 −
j∑
i=2
Pr(Aij ).
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To estimate the probability Pr(Aij ) we let k = j − i + 1 and notice that there are at most
m(m − 1) . . . (m − k + 2) sequences (ai , . . . , a j ) with ai + · · · + a j = 0. Consequently,
Pr(Aij ) ≤ m(m − 1) . . . (m − k + 2)
m(m − 1) . . . (m − k + 1) =
1
m − k + 1 (8)
whence for any integer J ∈ [1, m] we have
E|S(π)| ≥
J∑
j=1
(
1 −
j∑
i=2
1
m − ( j − i)
)
= J −
∑
2≤i≤ j≤J
1
m − ( j − i)
=
J∑
k=1
(
1 − J − k
m + 1 − k
)
= (m + 1 − J )
m∑
l=m−J+1
1
l
≥ (m + 1 − J ) ln m + 1
m + 1 − J .
To complete the proof we let f (x) := x ln m+1
x
and show that there is an integer I ∈ [1, m]
such that f (I ) > e−1m. For m ≤ 7 this can be verified by a direct computation. Assuming
that m ≥ 8, set I0 := (m + 1)/e and I := I0. Since f ′(x) = ln m+1ex is a decreasing
function of x , we obtain
f (I ) − f (I0) ≥ (I − I0) f ′(I ) ≥ f ′(I ) = f ′(I ) − f ′(I0)
= ln(I0/I ) > ln
(
1 − 1
I
)
> −e−1
in view of 1 − 1/I ≥ 1 − e/9 > e−1/e, and the result follows once we observe that
f (I0) = (m + 1)/e. 
We notice that the factor e−1 of Theorem 3 can be increased for some particular groups
G if (8) is combined with other estimates of Pr(Aij ). For instance, write k := j + 1 − i (as
in the proof of Theorem 3) and consider the two subgroups of G defined by
Gk := {g ∈ G: kg = 0}, kG := {kg: g ∈ G};
thus, G/Gk ∼= kG. Then for any ai , . . . , a j ∈ G, the number of elements g ∈ G with the
property that (a1 + g) + · · · + (ak + g) = 0 is at most |Gk |, whence
Pr(Aij ) ≤ |Gk ||G| =
1
|kG| . (9)
In particular, if G is cyclic of prime order then Pr(Aij ) ≤ 1/|G| for any pair of
indices 1 ≤ i ≤ j ≤ |G| and the argument we used to prove Theorem 3 easily yields
E|S(π)| ≥ (|G| + 1)/2.
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Yet another useful observation is that
Pr(Aij ) ≤ 1k + 1 . (10)
To see this, denote by s the sum of all elements of G, and note first that there are at
most m(m − 1) . . . (k + 2) sequences (a1, . . . , ai−1, a j+1, . . . , am) of pairwise distinct
elements of G with a1 + · · · + ai−1 + a j+1 + · · · + am = s. Furthermore, for any such
sequence the remaining k elements of G can be permuted in k! ways; therefore, the number
of permutations π = (a1, . . . , am) ∈ ΠG with ai + · · · + a j = 0 is at most m!/(k + 1) and
(10) follows. The interested reader will easily verify that (8)–(10) can be used together to
improve Theorem 3, for instance, for the special case where G is elementary abelian.
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